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Painlev6 analysis is performed for the coupled system of nonlinear partial 
differential equations consisting of the KdV equation and NLS equation initially 
studied by Nishikawa. Various possibilities for the constants occurring in the 
system are explored, paying attention to the integrability property. This equation 
occurring in the field of plasma physics satisfies all the requirements of Painlev6 
analysis and can be ascertained to be completely integrable, though no Lax pair 
is known for it. 

1. I N T R O D U C T I O N  

One of  the most frequently occurring equations in plasma physics is 
the coupled system of nonlinear SchrSdinger equation and KdV, considered 
by Nishikawa (1974). Lax pair is not known for the system. So one does 
not have any idea about the complete integrability of this system. On the 
other hand, recently Conte (1988) suggested that it may be more fruitful to 
make a Painlev~ analysis for such a system, because there is no other avenue 
for analyzing such a system. In a recent communication some important 
results have been obtained for the coupled system of Boussinesq and 
nonlinear SchrSdinger equations (Roy Chowdhury and Chanda, 1987), 
which also does not possess a Lax pair. In this paper we analyze the 
equations of  Nishikawa from the viewpoint of Painlev~ analysis following 
Weiss (1984). 

2. F O R M U L A T I O N  

The equations are written as 

i~b, + ~bxx + u~, = O 

- i x , + X ~ + u X  = 0  (1) 

u, +ux +Uxxx + ~.~x=(q,x)x 
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The Painlev6 analysis proceeds by assuming a Laurent expansion of the 
nonlinear field variables over the solution manifold, ~b(x, t ) =  0. So we set 

u = E u:4) p+j 
j=o  

o o  

~0 = E @jq 5q+j (2) 
j=o  

o o  

x = E xf l  ,r+~ 
j=o  

Matching the leading terms in each of equations (1), we get 

p = q = r = - 2  

whereas the coefficients of  these terms yield 

Uo = -662x (3) 

@oXo = 1864(/3 - 2a )  

From the terms next to leading order we get the following system matrix 
T, whose determinant upon vanishing will yield an equation for the reson- 
ance positions: 

(m-2)(m-3)62~+ Uo tPo 

T= 0 Xo 
- ( m  - 4) ~bxXo a ( m  - 2 ) ( m  - 3 ) ( m  - 4)~b3 +/3uo(m - 4 ) 6 x  

~ I 
(m-2)(m-3)6~+Uo (4) 

- t/,o(rn - 4)~bx 

Using equation (3), we find that det T = 0 leads to the equation 

m(m+l) (m-4) (m-5) (m-6)[6~-c~(m2-5m+12)]  = 0  (5) 

So we get resonance at 

m = 0, - 1 ,  4, 5, 6, and rn~, m2 (6) 

where ml ,  m 2 are 

5c~ + (24c~/3 - 23c~2) ]/2 
(7) ml ,2 -  2a  
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Equa t ion  (3) a l ready gives an indicat ion that  one o f  0o or Xo is arbi t rary  
co r re spond ing  to m = 0. First we cons ider  the s implest  values o f  a , /3  which 
will make  mL2 integral.  Such a s i tuat ion arises when  a =/3, and  m~,2 = 3, 2, 

Uo = -6,;b~, ~OoXo = -18a~b~ 

On the o ther  hand ,  for  m = 1 ,  

•1 = -30~bxx 

8~xxtbo t~o~ i ~o 

84,~Xo Xo~ ~__/Xor 
X l -  6x 2 

(8) 

(9a) 

U2lPo + X2 Uo = H 

U2Xo + X2 Uo = L 

- U2(2q~xUo) + (2~bxXo)q-'2 + (2 ~bx4Jo)X2 = M 

(10) 

Then,  for  m = 2, 

Proceeding  with the s i tuat ions m - - 2 ,  3, etc., we obta in  the coefficients 
recursively.  For  this we write down  the general  recurs ion relat ion a m o n g  
the var ious  coefficients ob ta ined  by equat ing similar  power  of  ~b. These  are 

i[ ~0,,,_2,, + ~0,. _l~bt (m - 3)] + O,,,-2,xx + 2(m - 3) 

• ~m-l,xq~x + ~m-l(m - -  3) q~xx + (m - 2) (m - 3) x O,.~b~ 

+ ~  U,,,-k~Ok = 0 (9b) 
k 

- i)(,,,-2,, -X,,,_~Cb,(m - 3) + Xxx + (m - 2) (m - 3)X, , ,~  

+ OkU,.-k~bk = 0 (9c) 

U,,, 3,,+ U,,,_2d~(rn - 4 ) +  U,.,-3~, + U,._2Oxx(m-4)  

+ a[ Um-3,xxx + 3  U,,,_2,~(m - 4) ~bx + 3  U,,,-2,x(m - 4) ~b~, 

+ 3 U , n _ ~ , x ( m - 3 ) ( m - a ) ~ b 2  + U~_2(m-  4)~bxxx + 3 Um_~(rn-3)  

x ( m -  4),;bx~bxx + U,, , (m-  2 ) ( m -  3 ) ( m - 4 ) ~ b  3] 

+ fl /2 ~ [ ( Um-k-l Ug)x + Um-k X Uk(m --4)C~x] 
k 

= ~ (qJm-l-kOk)~ + ~  O,.-kXk(m -4)~bx (9d) 
k k 
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where 

H = - i ( 6 o ,  - 6,~bt) - qto;,:, + 26,~r + 61~bxx - U, tb, 

L =  i(Xo,-  X l ~ t ) -  Xox~ + 2X,~qb~ + X , e ~  - U,X, 

M = 2Uo~b, + 26~Uo + 6c~xUoxx + 6u0x~b~ - 6ulxq~ 2 

+ 2Uo~b~x - 6u,6x6xx - (UoUOx + ek~u2+ (X16o)x 

+ (6,Xo)~ - 24~6~X1 (11) 

In  equat ion  (10) the determinant  o f  u2, 62, X2 on the lhs vanishes. So all 
o f  them are not  determined.  

m = 3 ;  

i~Olt + ~lxx + u261 + u1~2 = -(U36o + Uo~3) 

- i x l t  + Xlxx + U2Xl ~- UlX2 : (U3Xo ''{-/20X3) 

Uo, - ul ~b, + Uo~ - ~bx~' + [u0=~ - 3 ~Gulxx~bx - 3 u,xqSxx - Ul~)xxx] 
+ �89 + 2UlUlx - 2qSxU3~ - 2~GU2Ul] 

= (62X0-~-XI  ~/1-~- I~oX2)x - ~x(I]t3Xo-{- I//2X 1 -~ ~/1/~2 -1- 1//0,~/3) ( 1 2 )  

Again one can check that  the same situation as m ---2 is present and one 
cannot  determine all the coefficients (u3, 63, X3). It then becomes  a simple 
rout ine exercise to proceed  up to m = 6, and verify the arbitrariness o f  the 
required number  o f  coefficients. So we can ascertain that  at least for /3  = % 
we can satisfy the C a u c h y - K o w a l e v s k y a  theorem and say that  system (1) 
is complete ly  integrable. Let us now consider  another  si tuation for which 
/3 = 2 y .  In  this case ml,  m2 =0, 5. The resonance  posit ions at 0, 5 are 
repeated twice, while others remain the same and the number  o f  arbitrary 
funct ions are thereby reduced.  Equat ion  (3) indicates that  only one o f  the 
coefficients (Uo, 60, Xo) is arbitrary. But a double  resonance at m = 0 requires 
the arbitrariness o f  at least two of  these, which is not  the case. A similar 
situation takes place at m = 5. So in the case/3 = 2 we can say that equat ion  
(1) has a special Painlev6 property.  

3. D I S C U S S I O N  

In the above we have presented a Painlev6 analysis for a coupled  set 
o f  nonl inear  equat ion whose  Lax pair is still not  known.  Surprisingly, the 
set o f  equat ions  confo rm to all the cri terion o f  Cauchy-Kowa levskya .  
Fur thermore  very recently it has been stressed that  Painlev6 analysis should  
be per formed not  only for integrable systems, but  also for non-integrable  
ones. Lastly, an a lgebrogeometr ic  technique has been developed by the 
Russian School  to integrate (i.e., to find per iodic  and multi-solitons) the 
system o f  equat ion under  considerat ion.  
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